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ABSTRACT
The canonical redshift−scale factor relation, 1/a = 1 + z, is a key element in the
standard ΛCDM model of the big bang cosmology. Despite its fundamental role, this
relation has not yet undergone any observational tests since Lemaıˆtre and Hubble
established the expansion of the Universe. It is strictly based on the assumption of
the Friedmann–Lemaıˆtre–Robertson–Walker metric describing a locally homogeneous
and isotropic universe and that photons move on null geodesics of the metric. Thus
any violation of this assumption, within general relativity or modified gravity, can
yield a different mapping between the model redshift z = 1/a − 1 and the actually
observed redshift zobs, i.e. zobs 6= z. Here we perform a simple test of consistency for
the standard redshift−scale factor relation by determining simultaneous observational
constraints on the concordance ΛCDM cosmological parameters and a generalized
redshift mapping z = f(zobs). Using current baryon acoustic oscillations (BAO) and
Type Ia supernova (SN) data we demonstrate that the generalized redshift mapping
is strongly degenerated with dark energy. Marginalization over a class of monotonic
functions f(zobs) changes substantially degeneracy between matter and dark energy
density: the density parameters become anticorrelated with nearly vertical axis of
degeneracy. Furthermore, we show that current SN and BAO data, analysed in a
framework with the generalized redshift mapping, do not constrain dark energy unless
the BAO data include the measurements from the Lyα forest of high-redshift quasars.
Key words: methods: statistical – cosmological parameters – cosmology: observa-
tions – distance scale.
1 INTRODUCTION
A cornerstone of the big bang model of cosmology is the
phenomenon of redshifted light. There is no doubt that ob-
served redshifts of distant galaxies reflect expansion of the
Universe (Lemaˆıtre 1927; Hubble 1929). However, it is less
obvious how the observed redshifts relate to the successive
phases of the expansion. The current standard cosmological
model describes the evolution of the Universe in terms of
homogeneous space expansion, which is quantified by a sin-
gle function of time, the so-called cosmic scale factor a(t).
In this theoretical framework, the observed redshifts zobs
of distant galaxies map on to the scale factor through the
standard formula 1 + zobs = 1/a. Despite the fact that it
⋆ E-mail: wojtak@stanford.edu, f.prada@csic.es
underlies all cosmological fits and conversions between evo-
lution of cosmological observables parametrized by the scale
factor and the same evolution parametrized by cosmological
redshift, this relation does not have a status of a fundamen-
tal theory. It depends solely on the assumption that propa-
gation of light in the Universe can be accurately described
within theoretical framework of general relativity (GR) with
the Friedmann–Lemaıˆtre–Robertson–Walker (FLRW) met-
ric. Mapping between observed redshifts and the evolution
of the Universe may take a different form if the Universe
violates this assumption. Deviation from the conventional
redshift–scale factor mapping may emerge in some theories
of modified gravity, for example δ˜ gravity (see e.g. Alfaro
2012; Alfaro & Gonza´lez 2013), or simply from inadequacy
of the FLRW metric to fit our true inhomogeneous Universe
(Ellis & Stoeger 1987; Clifton & Ferreira 2009; Clifton et al.
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2012; Lavinto et al. 2013). A very simple example of the lat-
ter possibility, although giving rise to only a sub-percent
effect in measurements of cosmological parameters, is the
local gravitational redshift (Wojtak et al. 2015). These the-
oretical arguments fully motivate and justify the notion of
observational tests aimed to corroborate the canonical re-
lation between observed redshifts and cosmic scale factor.
Unlike all standard approaches in observational cosmology,
this kind of test is not supposed to assume any theoreti-
cally motivated redshift−scale factor mapping, but rather
to determine it empirically.
The most puzzling problem of modern cosmology is ar-
guably the nature of dark energy, a mysterious component
of the Universe responsible for its apparent acceleration;
and inferred from observations of Type Ia supernovae (SN;
see Riess et al. 1998; Perlmutter et al. 1999). An undeniable
success of the concordance cosmological Λ cold dark mat-
ter (ΛCDM) model is the fact that the same form of dark
energy manifests itself consistently in various cosmological
measurements, from the cosmic microwave background radi-
ation (CMB; see e.g. Planck Collaboration et al. 2014) and
baryon acoustic oscillations (BAO; see e.g. Anderson et al.
2012; Blake et al. 2011) to the abundance of galaxy clusters
(see e.g. Mantz et al. 2008; Vikhlinin et al. 2009). Yet, this
solid empirical background, which assumes Einstein’s GR
as gravity theory on cosmological scales, is unfortunately
not accompanied by any advance in our theoretical under-
standing of this phenomenon. Lack of compelling theoretical
explanations on the one hand and vast observational data
on the other motivate many researchers for pursuing chal-
lenging observational tests of all relevant ingredients of the
standard ΛCDM model which constitute a framework for
our reasoning on the matter-energy content and expansion
history of the Universe.
Current and ongoing tests aim to verify, among the fun-
damental pillars of the standard cosmological model, GR
(see e.g. Rapetti et al. 2009; Cataneo et al. 2015), homo-
geneity of the matter density distribution on large scales
(see e.g. Scrimgeour et al. 2012) or the distance duality rela-
tion used to convert between angular diameter and luminos-
ity distances (see e.g. Holanda et al. 2010; Ellis et al. 2013).
Having mentioned this, it seems quite surprising to notice
that, since Lemaıˆtre and Hubble established the expansion
of the Universe almost a century ago, the mapping between
observed redshifts and cosmic scale factor have not under-
gone stringent observational tests yet and it is commonly
taken for granted.
The first attempt to test the redshift−scale factor rela-
tion was pursued by Bassett et al. (2013). However, as we
shall show in section 2, the theoretical framework built for
this test turns out to be inconsistent with the distance du-
ality relation which has a far more fundamental status than
mapping between redshifts and cosmic scale factor (see e.g.
Ellis 2007). In this paper we develop a new approach to test-
ing the redshift−scale factor mapping in a way which obeys
the distance duality relation. We propose to use best avail-
able observations of Type Ia SN and BAO (angular diam-
eter distances and Hubble parameters) to place constraints
on the mapping and thus to test its commonly used canon-
ical form, i.e. 1 + zobs = 1/a. Our proposition goes beyond
classical tests aimed at discriminating between metric and
nonmetric origin of cosmological redshifts. The latter, such
as Zwicky’s hypothesis of ‘tired light’, was ruled out at high
confidence level by observations of the aging rate of Type Ia
SN (Blondin et al. 2008). In our test, we explicitly employ
metric-based interpretation of the observed redshifts and the
question we address is whether the standard mapping be-
tween cosmological redshifts and cosmic scale factor is con-
sistent with observations. It is also worth noting that our
approach retains pristine relation between the CMB temper-
ature and observed redshift. This relation has been exten-
sively tested using measurements of the Sunyaev−Zeldovich
effect (Saro et al. 2014; de Martino et al. 2015; Luzzi et al.
2015).
The manuscript is organized as follows. In section 2,
we describe a new phenomenological model generalizing
the standard redshift−scale factor mapping. This model is
then used to place observational constraints on the mapping
based on SN and BAO data. Description of the data as well
as data analysis technical details are outlined in section 3.
Results are presented in section 4, which is then followed by
discussion in section 5. Summary is given in section 6.
2 MODEL
Without loss of generality we assume that all measured red-
shifts are corrected for peculiar velocities of the observed
galaxies and our own reference frame. This can be easily
achieved by applying smoothing or binning in redshift space
so that peculiar velocities are effectively averaged out. For
the sake of a clear presentation of the methodology and mod-
elling, we distinguish the actually observed redshift
zobs =
λobs − λem
λem
, (1)
where λem and λobs are wavelengths of photons at the point
of emission and observation, from the model redshift z due to
homogenous expansion of space. The former, given in eq. (1),
is an observable with the exact relativistic definition given
by
zobs =
(uαkα)em
(uαkα)obs
− 1, (2)
where uα is the four-velocity vector of the observer and kα
is the tangent vector to the null geodesic line of the photon.
The latter, given by
z =
1
a
− 1, (3)
where a is cosmic scale factor in the FLRWmetric describing
a homogenous and isotropic expanding universe, is a special
case of eq. (2).
The concordance ΛCDM cosmological model does not
distinguish between zobs and z. Hereafter, we shall refer
to this assumption as the standard redshift mapping, i.e.
zobs = z. The standard redshift mapping assumes implicitly
general framework of relativity (photons propagating on null
geodesics) and the FLRW metric. The former assumption
leads to eq. (2) and the latter implies eq. (3). Violation of any
of these two assumptions can modify the standard relation
between z and zobs. Examples of such violations comprise
some modifications of GR, e.g. δ˜ gravity (Alfaro & Gonza´lez
2013), or inhomogeneous solutions of Einstein’s equations
c© 0000 RAS, MNRAS 000, 000–000
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(see e.g. Clifton & Ferreira 2009; Clifton et al. 2012). Here-
after, we shall refer to any modification of zobs = z relation
as redshift remapping. The remapping is a monotonic func-
tion z = f(zobs) and the standard redshift mapping is its
special case when f is an identity function.
The theoretical framework of our model is built upon
the assumption that the observed redshift zobs is fully de-
termined by the true metric of the Universe. We there-
fore exclude all possible models based on a nonmetric
origin of cosmological redshift such as Zwicky’s hypothe-
sis of ‘tired light’. Metric-based interpretation of observed
redshifts guarantees agreements with three fundamen-
tals observational facts: blackbody spectrum of the CMB
(Fixsen et al. 1996), redshift evolution of the CMB temper-
ature (Saro et al. 2014; de Martino et al. 2015; Luzzi et al.
2015) and redshift dependence of the SN aging rate
(Blondin et al. 2008).
2.1 Redshift remapping
A simple observational test of the standard redshift mapping
can be devised by considering a cosmological model with a
more general form of the relation between z and zobs. Here
we propose the following phenomenological relation between
z and zobs:
z
zobs
= 1 +
α
1 + zobs
, (4)
where α is a free parameter. The proposed parametrization
may not exploit all possibilities; however, it has a number
of well justified properties. First of all, deviation from the
standard redshift mapping is governed by a single parameter
α (with the standard redshift mapping zobs = z recovered
for α = 0), which prevents an unnecessary expansion of
the explored parameter space. In this regard, the proposed
model of redshift remapping is a one-parameter extension of
a standard ΛCDM cosmological model. Secondly, the model
does not introduce strong limitations on a relation between
z and zobs and allows for both z < zobs and z > zobs. Fi-
nally, this model recovers the standard redshift mapping at
high redshifts, i.e. z/zobs → 1 for zobs → ∞. This prop-
erty ensures that the new redshift remapping is unlikely to
affect the interpretation of the CMB observations. This is
a very conservative assumption, although not strictly nec-
essary. We note, however, that fitting any kind of redshift
remapping may in general change the Universe’s expansion
history and thus the anisotropies of the CMB, as we discuss
in Sec. 5.
The calculation of all basic observables such as distances
and the Hubble parameter H requires using the equations
that govern the expansion of space. We assume that in a
ΛCDM cosmology with dark energy equation of state w =
−1, the expansion rate of the Universe on large scales is
adequately described by the Friedmann equation,
H2(z)/H20 = Ωm(1 + z)
3 +Ωk(1 + z)
2 +ΩΛ, (5)
where 1 + z = 1/a. Ωm, Ωk and ΩΛ are the density param-
eters for the matter (cold dark matter and baryons), curva-
ture and the cosmological constant. The radiation term has
been neglected since observations reported very small radi-
ation density Ωrad in the redshift range of current SN and
BAO observations.
We note that invoking the Friedmann equation in our
context may be logically inconsistent with some possible rea-
sons of violating the standard redshift mapping. On the
other hand, this approach is independent of any specific
modification of the Friedmann equation emerging from pos-
sible new theoretical frameworks capable of predicting a
non-standard redshift remapping. Overall, we think that
combining the Friedmann equation with redshift remapping
is general enough to think of the proposed analysis as a test
of consistency between observations and the standard the-
oretical framework for modelling the expansion history of
the Universe as well as establishing the mapping between
observed redshifts and cosmic scale factor at the same time.
We also note that an alternative approach to testing redshift
remapping without the assumption of GR and the Fried-
mann equation is presented in Bassett et al. (2013).
2.2 Cosmological distances
The comoving distance to an object observed at redshift zobs
is given by
dC(zobs) = c
∫ f(zobs)
0
dx
H(x)
, (6)
where z = f(zobs) is redshift remapping given by eq. (4)
and H(x) is the Hubble parameter given by the Friedmann
equation (5). It is apparent that the standard formula for
dC (see e.g. Ellis 1971; Hogg 1999)can be recovered by using
f(zobs) = zobs. Once the comoving distance is determined,
the luminosity distance dL, and the angular diameter dis-
tance dA are calculated as follows,
dL(zobs) = (1 + zobs) dH fC[dC(zobs)/dH]
dA(zobs) =
1
1 + zobs
dH fC[dC(zobs)/dH], (7)
where dH = (c/H0)/
√
|Ωk| and
fC(x) =


sinh(x) Ωk > 0,
x Ωk = 0,
sin(x) Ωk < 0.
(8)
The above equations resemble closely the standard formulae
for cosmological distances described in e.g. Hogg (1999). The
only non-trivial part of them are the (1 + zobs) and 1/(1 +
zobs) factors. It may not be so obvious why the redshift
variable used in these factors is not z given by eq. (3). This
becomes clear when we realize that using the model redshift
z instead of the actually observed redshift zobs would violate
the so-called distance duality relation, i.e.
dL(zobs) = (1 + zobs)
2dA(zobs). (9)
This relation is a direct consequence of photon num-
ber conservation and the reciprocity theorem (Etherington
1933). It holds for general metric theories of gravity in
which light travels along null geodesics in Lorentzian space-
time. Redshift zobs in this relation is the actually ob-
served/measured redshift of photon sources (see e.g. Ellis
2007; Bassett & Kunz 2004). It is worth noting that the cos-
mic distance duality relation holds also in δ˜ gravity, which
is not a metric theory (Alfaro 2012).
Our redshift remapping does not change the distance-
duality relation between the luminosity distance and the an-
gular diameter distance given in eq. (9). This ensures that
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Apparent magnitudes of Type Ia supernovae (SN) and measurements of baryon acoustic oscillations (BAO): angular diameter
distances DA(zobs) and Hubble parameters Hobs(zobs). The measurements are compared to best-fit models: open ΛCDM (solid red lines)
with the standard redshift mapping (zobs = z), open ΛCDM (dashed green lines) and open CDM − no dark energy (dotted blue lines),
both with redshift remapping given by eq. (4). Both ΛCDM models are fitted to the best available entire SN and BAO data sets, while
fitting the CDM model omits the Lyα forest BAO measurements of SDSS-III/BOSS quasars at z = 2.34, 2.36.
observational constraints on the remapping from luminosity
distance measures, as provided by Type Ia supernova data,
are expected to coincide with those from BAO angular di-
ameter distance measurements unless there is an external
source of tension between these two data sets. This self-
consistency of the model fails when one attempts to violate
the distance-duality relation by using the (1+z) and 1/(1+z)
factors in eq. (7) instead of (1 + zobs) and 1/(1 + zobs).
This approach was recently adopted by Bassett et al. (2013).
As shown in their analysis of different compilations of cos-
mological data sets, observational constraints on redshift
remapping from SN luminosity distances cannot be recon-
ciled with analogous constraints from BAO angular diameter
distances.
2.3 Hubble parameter
Observational determinations of the Hubble parameter Hobs
from BAO rely on measuring a redshift range dzobs corre-
sponding to the comoving BAO scale dr. The Hubble param-
eter is then estimated as a ratio dzobs/dr. For the standard
redshift mapping (zobs = z), the observed Hubble parameter
Hobs(zobs) can be directly modelled by the Hubble parame-
ter given by the Friedmann equation, i.e. Hobs(zobs) = H(z).
Redshift remapping, however, changes the relation between
these two Hubble parameters in the following way:
Hobs(zobs) = H [f(zobs)]/
(
df(zobs)
dzobs
)
. (10)
The observed Hubble parameter Hobs(zobs) is therefore
never equal to the Hubble parameter given by the Friedmann
equation at the corresponding redshift z = f(zobs) unless
derivative df/dzobs equals to 1. For the redshift remapping
adopted in our work, the Hubble parameter measured in
observations is given by
Hobs(zobs) =
H [f(zobs)]
1 + α/(1 + zobs)2
. (11)
This implies that the observed Hubble constant Hobs(0)
scales with the global Hubble constant defined in the Fried-
mann equation as Hobs(0) = H0/(1 + α). Therefore, a non-
zero value of parameter α in our redshift remapping model
gives rise to a difference between the locally measured Hub-
ble constant and its counterpart defined in the Friedmann
equation. However, that this is not a generic feature of all
possible redshift remappings among which one can find ex-
amples with Hobs(0) = H0.
3 OBSERVATIONAL CONSTRAINTS
Our redshift remapping model is a one-parameter extension
of the standard ΛCDM cosmological model. Here we use a
compilation of data sets comprising observations of Type Ia
SN and anisotropic BAO measurements of angular distances
and Hubble parameters to place constraints on the redshift
remapping and cosmological parameters, and to assess pos-
sible improvement of a cosmological fit based on these data
sets. Apparent magnitudes of SN come from a joint anal-
ysis of SDSS-II and SNLS supernova samples carried out
by Betoule et al. (2014). The data set comprises mean ap-
parent magnitudes of Type Ia SN measured in 31 redshift
bins (see the top left panel of Fig. 1) and the covariance
matrix. The Hubble parameters and the angular diameter
distances measured from BAO observations are summarized
in Table 1. We use the most recent measurements based
on the anisotropic galaxy clustering analysis performed on
the final Data Release 12 of the SDSS-III Baryon Oscil-
lation Spectroscopic Survey (BOSS) LOWZ (zobs = 0.32)
and CMASS (zobs = 0.57) Luminous Red Galaxy samples.
In our cosmological fits, we employ averages of two galaxy
c© 0000 RAS, MNRAS 000, 000–000
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zobs Hobsrd (10
3km s−1) dA/rd Reference
0.32 11.33± 0.56 6.33± 0.19 Gil-Mar´ın et al. (2015)
0.32 11.44± 0.74 6.40± 0.36 Cuesta et al. (2015)
0.57 13.84± 0.43 9.42± 0.15 Gil-Mar´ın et al. (2015)
0.57 14.14± 0.68 9.51± 0.45 Cuesta et al. (2015)
2.34 32.72± 1.03 11.28± 0.65 Delubac et al. (2015)
2.36 33.33± 1.18 10.78± 0.41 Font-Ribera et al. (2014a)
Table 1. SDSS-III/BOSS DR12 measurements of the BAO angular distances and Hubble parameters used in this work. rd is the sound
horizon scale at the drag epoch.
clustering measurements for each LOWZ and CMASS sam-
ples based on two independent techniques, an analysis of
the anisotropic fitting of the two-point correlation func-
tion (Cuesta et al. 2015) and the power spectrum in Fourier
space (Gil-Mar´ın et al. 2015). Finally, we also make use of
the BAO angular diameter distance and Hubble parame-
ter measured from the flux-correlation of the Lyα forest of
SDSS-III/BOSS high-redshift quasars (Delubac et al. 2015)
and from the cross-correlation of quasars with the Lyα for-
est absorption (Font-Ribera et al. 2014a). Both measure-
ments were made using a sample of quasars from BOSS
Data Release 11. In order to convert dimensionless esti-
mates of the BAO signal into a physical scale, we adopt
a fiducial model with the sound horizon scale at the drag
epoch rd fid = 147.27 Mpc, consistent with CMB Planck ob-
servations (Planck Collaboration et al. 2015). The resulting
values of the angular diameter distances and Hubble param-
eters are plotted in the top panels of Fig. 1. As we explain
below, using a fixed value of rd does not make the results
of our analysis dependent on Planck cosmology. Since we
treat normalization of the BAO angular diameter distance
and Hubble parameter as a nuisance parameter, our results
are essentially independent of cosmological constraints from
the CMB.
Our cosmological model contains three groups of pa-
rameters: cosmological parameters (density parameters Ωm
and ΩΛ), redshift remapping parameter α and two nuisance
parameters, MSN and MBAO, which are used to normalize
the magnitude−redshift relation for Type Ia SN data,
m(zobs) = 5 log 10[dL(zobs)H0] +MSN, (12)
and the BAO data sets (both distances and Hubble param-
eters). We define the BAO normalization parameter in the
following way:
MBAO = h70
rd
rd fid
, (13)
where the Hubble constant H0 = h7070 km s
−1 Mpc−1 and
rd fid = 147.27 Mpc. The Hubble constant is included in
both normalization parameters and therefore it cannot be
constrained directly from the data unless prior knowledge
of the absolute magnitude of the supernovae or the sound
horizon scale is assumed. We take maximally conservative
approach and adopt flat priors on the two normalizations,
MSN and MBAO, as well as the remaining parameter of the
model. All final constraints are marginalized over the nor-
malization parameters and therefore they are independent
of the adopted fiducial value of the sound horizon scale.
We find the best-fitting parameters by maximizing the
likelihood function L given by
lnL(θ|data) ∝ −
χ2SN
2
−
χ2BAO
2
, (14)
and
χ2SN =
31∑
i,j
C−1ij [mi −m(zobs i, θ)][mj −m(zobs j , θ)],
χ2BAO =
4∑
i
[dA i − dA(zobs i, θ)]
2
σ2A i
+
4∑
i
[Hobs i −Hobs(zobs i, θ)]
2
σ2H i
, (15)
where θ is a vector of the model parameters, C is the covari-
ance matrix for the SN data set, σA and σH are the errors of
the angular diameter distances and the Hubble parameters
measured from BAO. We employ a Monte Carlo Markov
Chain technique to explore the parameter space and thus
to determine confidence regions of the model parameters.
Markov chains are computed using the Metropolis−Hastings
algorithm and the confidence regions (intervals) presented in
all figures and tables are the 1σ and 2σ contours or intervals
of the marginalized likelihood function.
In order to assess the potential improvement of the cos-
mological fit with both SN and BAO data sets, achieved
by using our newly adopted redshift remapping, we com-
pare the best-fitting models in terms of two criteria for
model selection: the Bayesian information criterion (BIC)
and the Akaike information criterion (AIC; Trotta 2008).
Neglecting an additive constant given by the normalization
of the likelihood functions, we evaluate the two criteria in
the following way: BIC = (χ2SN + χ
2
BAO)min + k ln(n) and
AIC = (χ2SN + χ
2
BAO)min + 2k, where k is the number of
estimated parameters in the model, n is the number of data
points and χ2min is the minimum value of χ
2. The statisti-
cally more favoured model is the one which minimizes BIC
or AIC.
4 RESULTS
Fig. 2 shows constraints on the parameters of an open
ΛCDM cosmological model with redshift remapping given
by eq. (4). The solid and dashed contours show results from
fitting independently the SN and BAO data by neglecting re-
spectively χ2BAO or χ
2
SN in the likelihood function (14). The
shaded contours demonstrate results from a joint analysis
combining both data sets. The inset panel shows the corre-
sponding constraints for a reference open ΛCDM model with
the standard redshift mapping, i.e. zobs = z. Fig. 1 demon-
strates how accurately the best-fitting models with the stan-
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Constraints on open ΛCDM model parameters with redshift remapping given by eq. (4). The solid and dashed blue lines
show results from the best available BAO (all data points) and SN data, and the shaded contours results from an analysis combining
both data sets (1σ and 2σ contours). The inset panel shows constraints on the density parameters for an open ΛCDM model with the
standard redshift mapping (zobs = z). The black vertical line on the right-hand panels indicates the best-fitting ΩΛ for an open ΛCDM
model with the standard redshift mapping. The new redshift remapping rotates axes of degeneracies on the Ωm − ΩΛ plane towards a
line of flat models (black diagonal line). The redshift remapping is degenerated with the dark energy density parameter ΩΛ.
Model Ωm ΩΛ α χ
2/dof BIC AIC MBAO
oΛCDM+z = zobs(SN+BAO) 0.292
+0.035
−0.032 0.803
+0.069
−0.075 α = 0 1.24 58.05 51.40 1.008
+0.023
−0.025
oΛCDM+z 6= zobs(SN+BAO) 0.189
+0.055
−0.028 0.969
+0.055
−0.089 0.225
+0.083
−0.120 1.10 55.77 47.46 1.219
+0.077
−0.115
flat ΛCDM+z = zobs(SN+BAO) 0.267
+0.020
−0.019 ΩΛ = 1− Ωm α = 0 1.23 55.39 50.40 1.006
+0.025
−0.023
flat ΛCDM+z 6= zobs(SN+BAO) 0.192
+0.058
−0.035 ΩΛ = 1− Ωm 0.121
+0.079
−0.093 1.21 56.84 50.18 1.120
+0.074
−0.091
oCDM+z = zobs(SN+BAO) 0.079
+0.031
−0.028 ΩΛ = 0 α = 0 3.38 132.8 127.9 0.934
+0.021
−0.020
oCDM+z 6= zobs(SN+BAO) 0.478
+0.105
−0.092 ΩΛ = 0 −0.250
+0.029
−0.030 1.95 82.94 76.29 0.746
+0.030
−0.030
Table 2. Constraints on the parameters of cosmological models with the standard redshift mapping (z = zobs) or with redshift remapping
given by eq. (4) (z 6= zobs) and parametrized by α, based on a joint analysis of the SN and BAO data sets. The table contains best-fitting
values and 1σ confidence intervals of the parameters (density parameters Ωm and ΩΛ, parameter α of the redshift remapping and the
normalization of the BAO signal, MBAO), reduced χ
2 (χ2/dof), the Bayesian information criterion (BIC) and the Akaike information
criterion (AIC). The two top rows of the table present results for an open ΛCDM model (oΛCDM, see also Fig. 2), the middle two rows
for a flat ΛCDM model (flat ΛCDM, Ωm + ΩΛ = 1) and the two bottom rows for an open CDM model without dark energy (oCDM,
ΩΛ = 0).
dard redshift mapping or with the new redshift remapping
recover the measurements.
Table 2 summarizes all fits in terms of the best-fitting
values of the parameters and the corresponding 1σ confi-
dence intervals, goodness of fit and the two information cri-
teria described above. The two top rows of the table present
results obtained for an open ΛCDM model (oΛCDM, see
also Fig. 2), the middle two rows for a flat ΛCDM model
(flat ΛCDM, Ωm+ΩΛ = 1) and the two bottom rows for an
open CDM model without dark energy (oCDM, ΩΛ = 0).
In every case, we consider redshift remapping parametriza-
tion given by eq. (4) or the standard redshift mapping with
zobs = z.
The BAO measurements based on the Lyα forest of
BOSS quasars were found to be in tension with the Planck
cosmology (Delubac et al. 2015). Since the nature of this
tension is not clear, it is instructive to scrutinize the impact
of these measurements on our fits. Fig. 3 shows constraints
on the parameters of an open ΛCDM model from a joint
analysis of the SN and BAO data excluding the Lyα forest
measurements (distances and Hubble parameters at zobs =
2.34, 2.36). Table 3 contains results of fitting models with
different priors on dark energy and curvature, analogous to
Table 2. Here we also consider the Einstein–de Sitter model.
The obtained constraints on parameter α based on com-
bining BAO and SN data do not reveal statistically signif-
icant deviation from the standard redshift mapping. The
overall improvement of a cosmological fit with an open
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Impact of BAO measurements from Lyα forest data of SDSS-III/BOSS quasars on the open ΛCDM model parameters with
redshift remapping given by eq. (4). The solid blue lines and shaded contours show the results from an analysis combining the best available
SN data set and BAO measurements, with or without considering the Lyα forest data points (Hobs and DA at zobs = 2.34, 2.36), i.e.
SN+BAO and SN+BAO−Lyα. The dashed blue lines show constraints from the SN data alone. The inset panel shows constraints on the
density parameters for an open ΛCDM model with the standard redshift mapping (zobs = z). The black vertical line on the right-hand
panels indicates the best-fitting ΩΛ for an open ΛCDM model with the standard redshift mapping. The omission of the BAO Lyα data
points in the analysis yields constraints which are fully consistent with a cosmological model without dark energy and α < 0 (redshift
remapping with z < zobs). The new axis of degeneracy between Ωm and ΩΛ becomes nearly vertical.
Model Ωm ΩΛ α χ
2/dof BIC AIC MBAO
oΛCDM+z = zobs(SN+BAO–Lyα) 0.216
+0.096
−0.110 0.593
+0.134
−0.159 α = 0 1.13 49.20 42.97 0.977
+0.026
−0.026
oΛCDM+z 6= zobs(SN+BAO–Lyα) 0.239
+0.219
−0.129 0.503
+0.308
−0.348 −0.046
+0.181
−0.135 1.17 52.75 44.97 0.934
+0.178
−0.133
flat ΛCDM+z = zobs(SN+BAO–Lyα) 0.293
+0.034
−0.030 ΩΛ = 1−Ωm α = 0 1.12 46.37 41.70 0.985
+0.025
−0.024
flat ΛCDM+z 6= zobs(SN+BAO–Lyα) 0.192
+0.296
−0.094 ΩΛ = 1−Ωm 0.113
+0.174
−0.246 1.14 49.56 43.34 1.093
+0.167
−0.238
oCDM+z = zobs(SN+BAO–Lyα) 0.000
+0.023
−0.000 ΩΛ = 0 α = 0 1.67 64.04 59.37 0.902
+0.016
−0.019
oCDM+z 6= zobs(SN+BAO–Lyα) 0.369
+0.260
−0.190 ΩΛ = 0 −0.205
+0.049
−0.054 1.13 49.37 43.15 0.773
+0.042
−0.047
flat CDM+z = zobs(SN+BAO–Lyα) Ωm = 1 ΩΛ = 0 α = 0 8.23 278.8 275.7 0.777
+0.014
−0.014
flat CDM+z 6= zobs(SN+BAO–Lyα) Ωm = 1 ΩΛ = 0 −0.310
+0.017
−0.016 1.25 50.57 45.90 0.681
+0.015
−0.014
Table 3. Constraints on the parameters of cosmological models with the standard redshift mapping (z = zobs) or with redshift remapping
given by eq. (4) (z 6= zobs) and parametrized by α, based on a joint analysis of the SN and BAO data without Lyα forest measurements
at z = 2.34, 2.36. The table contains best-fitting values and 1σ confidence intervals of the parameters (density parameters Ωm and ΩΛ,
parameter α of the redshift remapping and the normalization of the BAO signal, MBAO), reduced χ
2 (χ2/dof), the Bayesian information
criterion (BIC) and the Akaike information criterion (AIC). The models comprise an open ΛCDM model (oΛCDM, see also Fig. 3), a
flat ΛCDM model (flat ΛCDM, Ωm + ΩΛ = 1) an open CDM model without dark energy (oCDM, ΩΛ = 0) and the Einstein–de Sitter
model (flat CDM, Ωm = 1 and ΩΛ = 0).
ΛCDM model is marginal and the current data do not seem
to favour the new redshift remapping model. Both Fig. 2
and Fig. 3 clearly demonstrate that redshift remapping is
strongly degenerated with the dark energy density. Models
with low dark energy density or no dark energy at all require
α < 0 and thus z = 1 − 1/a > zobs, while those with high
dark energy density a > 0 and thus z = 1 − 1/a > zobs.
Yet, redshift remapping alleviates a well visible discrepancy
between the best-fitting ΛCDM model with the standard
redshift mapping and the BAO measurements from the Lyα
forest of BOSS quasars at zobs = 2.34 and cross-correlation
with quasars at zobs = 2.36 (see Fig. 1). This discrepancy
is a manifestation of already reported tension between the
Lyα forest BAO measurements and the Planck cosmology,
with significance estimated at 2.5σ (Delubac et al. 2015;
Ca´rdenas 2015). Comparing fits based on the combined SN
and BAO data including or excluding the Lyα forest data
points (compare results in Table 2 and Table 2) makes evi-
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4.Mapping between cosmic scale factor a (or the model redshift z = 1/a−1) and the observed redshift zobs, and the corresponding
deceleration parameter in cosmological models with χ2/dof 6 1.25. The lines show redshift profiles obtained for best-fitting parameters.
The left-hand panels show the results for models fitted to the SN and BAO data sets (see Table 2), while the right-hand panels display
models fitted to the SN and BAO data excluding the BAO Lyα forest measurements of BOSS quasars (see Table 2). Redshift remapping
with α < 0 (z < zobs) can effectively replace dark energy and yield a decelerating expansion at the present time.
dent that it is the Lyα-forest BAO measurement what gives
rise to a positive value of the parameter α at a 2σ confidence
level. The weak statistical significance of this result does not
allow to judge if this is a real signature of a non-trivial red-
shift remapping. Undoubtedly, future measurements of BAO
in an optimal redshift range 1 < zobs < 2 will shed light on
this problem.
Since our analysis does not signify statistically signifi-
cant deviation from the standard redshift mapping, it is not
surprising that the constraints on cosmological parameters
are consistent with those obtained assuming the standard
mapping (see Table 2 and Table 2). However, the new red-
shift remapping changes substantially degeneracies between
them. As shown in the left-hand panels of Fig. 2 and Fig. 3,
marginalization over parameter α expands the probability
contours on the Ωm − ΩΛ plane nearly orthogonally to the
degeneracy axis emerging from fitting a ΛCDM model with
the standard redshift mapping (see the inset panels). This
effectively rotates the axis of degeneracy between Ωm and
ΩΛ from a direction nearly perpendicular to a line of flat
models towards a direction of flat models (more vertical for
constraints based on the SN data set and more horizontal
for the BAO data set). The apparent reorientation of the de-
generacy axis shows how large is the impact of the standard
redshift mapping on the determination of cosmological pa-
rameters. Our results demonstrate that relaxing the assump-
tion of the standard relation between observed redshift zobs
and cosmic scale factor a makes probability contours on the
Ωm −ΩΛ plane more aligned with those from an analysis of
the CMB observations (see e.g. Planck Collaboration et al.
2014).
Comparing results from Fig. 2 and Fig. 3 leads to the
conclusion that current SN and BAO data, when analysed in
a framework of a cosmological model with redshift remap-
ping, do not constrain dark energy unless the BAO data
include the current measurements from the Lyα forest of
BOSS quasars. This is a consequence of a strong degener-
acy between redshift remapping and dark energy density, as
shown in right-hand panels of both figures. Limiting our con-
sideration to cosmological fits based on SN and BAO data
without the Lyα forest data points (see Fig. 3 and Table 3),
we find that open and flat CDM models − without dark
energy − assuming redshift remapping provides remarkably
as good fits to the SN and BAO data as a ΛCDM model
with standard mapping. Fig. 1 shows directly that residu-
als for an open CDM model with redshift remapping are
indistinguishable from a ΛCDM model with the standard
mapping (zobs = z). Just from a statistical point of view,
this means that redshift remapping can in general mimic
kinematical effects of space expansion driven by dark en-
ergy. Fitting a CDM model to observationally determined
distances and Hubble parameters requires involving redshift
remapping with α < 0 and thus z = 1 − 1/a > zobs.
The flat model (the Einstein–de Sitter model) needs slightly
smaller z-to-zobs ratio than an open one. The matter den-
sity parameter in an open CDM model is fully consistent
with constraints based on observations of galaxy clusters
(Bahcall & Fan 1998; Rozo et al. 2010; Allen et al. 2011)
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Fig. 4 shows mapping between observed redshifts zobs
and cosmic scale factor, as constrained by both SN and BAO
data. The profiles are calculated for best-fitting parameters
of models with reduced χ2 no larger than 1.25. Although
the shape of the mapping depends partly on the adopted
parametrization of our model, its normalization is directly
constrained by the data and therefore we think it captures a
generic feature expected for a family of redshift remappings
with monotonic functions f(zobs). The apparent trends with
z > zobs (z < zobs) implies that the standard redshift map-
ping overestimates (underestimates) the scale factor corre-
sponding to observed redshifts zobs. The right-hand panels
demonstrate that emergence of dark energy in cosmological
fits may result from a necessity of compensating underesti-
mation of the scale factor by the standard redshift mapping.
The bottom panels of Fig. 4 show how the new red-
shift remapping modifies the deceleration parameter. The
most striking effect is visible for models in which redshift
remapping allows for a significance change of the density
parameters, e.g. flat and open CDM models. A more subtle
effect is a shift of the observed redshift corresponding to the
moment of a vanishing deceleration (for ΛCDM models).
5 DISCUSSION
Future measurements of BAO and observations of Type Ia
supernovae will enable us to test the standard redshift map-
ping with a much higher precision. To assess the constraining
power of upcoming surveys, we analyse mock data gener-
ated for the expected measurements of the BAO signal by
the Dark Energy Spectroscopic Instrument1 (DESI) and for
the anticipated number of Type Ia supernovae to be dis-
covered by the Large Synoptic Survey Telescope2 (LSST).
DESI will measure the BAO distance scale in a large red-
shift range, from almost zobs = 0 up to redshift 3.5, us-
ing galaxy and quasar spectra over an area of 14,000 deg2
(see Schlegel et al. 2011; Levi et al. 2013; Font-Ribera et al.
2014b, for the DESI BAO data forecast). For the SN data
forecast we assume that LSST will observe ∼ 105 super-
novae (LSST Science Collaboration et al. 2009). Consider-
ing the best case scenario, we neglect all possible systematic
errors and obtain the data forecast by means of rescaling
the current covariance matrix according to a ratio of the
current to future number of supernovae. Fig. 5 shows the
anticipated constraints on the model parameters calculated
for mock data generated for a fiducial ΛCDM model with
the standard redshift mapping. Unsurprisingly, future con-
straints will retain nearly the same degeneracy axes as those
shown in Fig. 3. The expected precision in the measurement
of parameter α will reach 0.02, which yields a fivefold im-
provement of the current constraints.
Since redshift remapping modifies angular diameter dis-
tances, we expect that additional constraints can be ob-
tained from observations of strong lensing images of back-
ground galaxies produced by massive galaxy clusters. This
technique has been already proved to be a complementary
1 http://desi.lbl.gov
2 http://www.lsst.org
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Figure 5. Expected observational constraints on the parameters
of open ΛCDM models with redshift remapping given by eq. (4),
based on the BAO forecast observations by DESI and SN Ia by
LSST, and generated for a fiducial ΛCDM model (marked with
the black point) with the standard remapping, i.e. zobs = z. The
solid blue and dashed blue lines show results from BAO and SN,
the shaded contours from analysis combining both data sets (1σ
and 2σ contours). The inset panel shows constraints on the den-
sity parameters for an open ΛCDM model assuming the standard
redshift mapping (zobs = z). Future constraints will retain nearly
the same degeneracy axes as those shown in Fig. 2. The expected
precision in the measurement of α parameter will reach 0.02 (five-
fold improvement of the current precision).
cosmological probe capable of measuring dark energy equa-
tion of state (Jullo et al. 2010) or testing alternative mod-
els to the late time cosmic acceleration of the Universe
(Magan˜a et al. 2015).
Placing constraints on redshift remapping cannot be
disjoined from measuring cosmological parameters such den-
sity parameters. Our results clearly show that redshift
remapping affect constraints on cosmological parameters
and is even capable of eliminating the dark energy com-
ponent in a given cosmological model. This in turn may
modify predictions for the CMB anisotropies. Therefore, we
conclude that future tests of the standard redshift mapping
should not be limited to low-redshift cosmological probes
such as SN and BAO, but they should also include CMB
observations. This approach will not only ensure consistent
analysis of all relevant cosmological probes, but it will also
allow us to extend the test to a redshift of the last scattering
surface.
The model of redshift remapping employed in this work
is not derived from first principles. We also assume that
the Friedmann equation remains unchanged regardless of
deviation from the standard redshift mapping. This might
not be fully justified for some theoretical models predicting
zobs 6= z. Therefore, further advances in testing and under-
standing the redshift−scale factor mapping relation should
also invoke theoretical models predicting specific forms of
c© 0000 RAS, MNRAS 000, 000–000
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redshift remapping. It will be also instructive to interpret
our results in a framework of general-relativistic models with
scalar averaging (backreaction models; see e.g. Larena et al.
2009; Roukema et al. 2013; Lavinto et al. 2013).
6 SUMMARY
We present the first self-consistent observational test of map-
ping between observed cosmological redshifts and cosmic
scale factor (redshift remapping). The test relies on plac-
ing simultaneous observational constraints on standard cos-
mological parameters and a phenomenological model gen-
eralizing the standard relation between cosmic scale factor
and observed redshifts, as given by eq. (4). Using current
observations of Type Ia SN and BAO, we measure a devia-
tion from the standard redshift mapping and its impact on
constraining the dark energy density parameter. Our main
results can be summarized as follows.
i. Joint analysis of SN and BAO data in an open ΛCDM
model does not signify statistically significant deviation from
the standard redshift mapping (zobs = z). Combined con-
straints from SN and BAO data sets yield α = 0.225+0.083
−0.120 ,
which points to a weak (∼ 2σ confidence) trend of z =
1/a − 1 > zobs. This result turns out be heavily depen-
dent on the Lyα forest BAO measurements. When exclud-
ing these BAO data points, constraints on α change into
α = −0.046+0.181
−0.135 , what points to a weak indication of a
reversed trend with z = 1/a− 1 < zobs.
ii. Redshift remapping alleviates the reported 2.5σ tension
between the standard ΛCDM and the Lyα forest BAO mea-
surements. The fit requires a positive value of α and thus
z = 1/a − 1 > zobs.
iii. Relaxing the assumption of standard redshift mapping
in cosmological fits changes substantially the degeneracy be-
tween cosmic density parameters. Marginalization over red-
shift remapping effectively rotates the axis of degeneracy on
the Ωm−ΩΛ plane towards a line of flat models (BAO data)
or towards a vertical line Ωm ≈ 0.2 (SN data and BAO data
without the Lyα-forest measurements).
iv. Redshift remapping is strongly degenerated with dark
energy density parameter. Low-density dark energy models,
or no dark energy at all, require α < 0 and thus z = 1/a−1 >
zobs.
v. The proposed redshift remapping parametrization can
effectively replace dark energy. SN and BAO data anal-
ysed in a framework of a cosmological model with redshift
remapping do not constrain dark energy unless the BAO
data include the Lyα forest BAO measurements. When ex-
cluding these BAO Lyα forest observations, an open CDM
model with redshift remapping is able to fit the SN and
BAO data equally well as a ΛCDM model with the stan-
dard redshift mapping (zobs = z). The resulting redshift
remapping is characterized by α = −0.205+0.049
−0.054 and thus
z = 1/a − 1 > zobs. Comparable goodness of fit is achieved
for the Einstein–de Sitter model.
Finally, we highlight and conclude in this work how
the future generation of BAO and SN experiments, such
as DESI, LSST, 4MOST 3 and Euclid4 will enable us to
test cosmology models and the redshift−scale factor rela-
tion with high accuracy/precision consistency. Analysis and
prospects of forecast observations of both surveys suggest
that redshift remapping will be constrained to within a 2
per cent precision.
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